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Exercise There are no simple groups of order300
Solution1Gt300 22.3.52 Np syepc.GS fp2,35
By SylowHI i Ng I l mod5 Msl 12 ng I or 6
If Ms4 then there is a unique Sylow subgroup P which

mustbe normal abid also plz 25 Heel orG
G is not simple

If n 5 6 then the conjugation actionofG on the set
S conjugates of P IgPg goGI Cpa glow

ofsize 151 6 by Sylow II
yields a homomorphism

9 G Sym61 56
orbit G P S Caction is transitive

claimAction is not faithful ie kercy Se
Indeed 1Gt300 and 1561 720

If eijigdhefzoken q.EEso
andso byLagrange

Moreover half G since actin istransitive
her 6 6 means SES what isfalse

Hence k kerce is a proper non time normal
subgroup of G

i.Gisnotshnple.sulonsubgnnpeo4
etpooatsPropletGG xGz be a directproductoftwogroups
Then every p Sylow subgroup of G is a direct



ng l Y
productof p Sylow subgroups of G and Ga

Warning In general if AEG xGz it is met the
that H H kHz for some H EG and HEE

F KG gGu
trample G 22 2,2 has 3 subgroups oforder 2
HfZzx201 41,077 01 22 90,137

and HEC1,137 Then H It xHz forany Hick
9ha it x TIftmp'yet go.iefen9ageorIftFpsyep

Let Ei GxGz Gi Ii Cgi g4 gi fit 4
be the projections onto the twofactors both
are homomorphisms

Ygee

iey.prore.ThenPn.EEi P are subgroups ofGi Done once we

Claim i P P xp
Bit Sylp Ge

Pfofclaim
CFPEP xPz EG

T T
if g Cgi g EP Theproductofthen
giEPi two subgroups

alwaysthe case alwaya subgroup

Hence PIE 113 121 1171 431
But each Pi is also a p group since

ocgi.gs lcm oeg oops



g
so y gz E P ocgj pki yocgbgz.pk k maxlkkd

RxPz is a p group

Pis pSylar
P P XR

Suppose one ofthe Poe's say P is ntp inG
But we just saw that Pa is a p group so

F Q E Sylph et P Q EG
i Cby Sylow Ia pgroup
F P xp Q XE EA xGz G

R R are p gear
Contradicts Pis p Sylow

ODED

theorem let G be a finitegroup If all the
Sylow subgroupsof 6 are normal then G is the

diregetpndnctofitssylowsnbgrmps.myPo G VPesyeCG G IT

uhere.ge
gepagPesyecssP

pllGl

note The hypothesis ofthetheorem is equivalentto
t by SylowI

That is if 1Gtpie pink and nap 4 fi
H then G I In My.e I AE
Proof First treat the case n 2 i.e Ktp ph pipa
and upHip 4 Let P B be the corresponding
low b



Sylow subgroups IR f pilei Then
since gep.netmgecqPnnPze HI ocgspfi pEE3geEseEoJ

iJP.P z FG Since IppelPitlBlqiiVgiEPi giga gag pTppET p11711121
9 9151 139,1 93 GiggigiDepanp

gg
e5f5fohemkea

be FlGl
IPTsheepoG byassumption

Hence by the Decomposition Theorem
1G P x

The general case follows exactlythesame way t.az
Rein The argumentin I shows

fff Hi Hi Effingham.ge godAHHHH
then

Hollows atonefrom Lagrange

Fini p
We shall write Abeliangroups additively CG too

Products of subgroups are also written aolivitely

G His T.aeeianG Htk
qq.fihII

Directproducts are written as directors
G GTXGz Tom G G Ge fit gqgtg

All subgroups are normal
highly

Hence by the abore Theorem
GEGi G



when Gi are abelian maximal p subgroups for f1161
This reduces the classificationoffinite Abelian groups To
that of finite Abelian p groups such as

Zp Zips nZptoEPi fIaFPjj.cKey technical tool

Lemme let G be a finiteabelian p group If
La is a oyclicsubgmpofmaximaloroerci.tnCa Esb cases
Then F

HEGsuchthatyIG s a H
complement

theorem Fundamental Theorem of Finite Abelian Groups

Every finiteAbelian group G is isomorphic to a

direct sum of cyclic groups of prime powerorder
IG n
2pp.to TpnCPignine

Moreover any two such decompositions onlydifferby a

permutation ofthe factors
Proof Existence follows from E tonGemma

Uniqueness is proved byinduction1 by looking at p G
andusing P Kpk Eph IOEDI



Example Abelian groups of order 60 223.5
Abelian

groups of order 4 Z Zz 214
cc 3 i 23

5 2g
Answer 212021210230215

214 Zz z
230 Zz

E 2 60

In general using the isomorphism

IZmxzn IZlmnifgadcm.me
We can rewrite these finiteAbeliangroups as

nz

with np me and Inilniatories
Example 161 24 23.3

2810213 E 2124 1 gas
214822 Zz E 242 Zz 2gen

22 22022023 216022022 gen


